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1 Problem Description

As we know, for any matrix A, we have such a formula:

A=UxV"T

An interesting question then comes up with this formula: If I did a derivative of the SVD decom-
position, what can I get?

Actually, this question is crucial for the simulation, which has already been well discussed in the
Siggraph course DynamicDeformables[KE20]. For instance, when we want the As-Rigid-As-Possible
energy, it looks like this:

¢(F) = ||F - Rl F = RS

In this energy formula, F' is the Jacobian Deformation Matrix and it is composed of the rotation
matrix R and scale matrix S.

Okay, then how could we get the Jacobian matrix of this energy function, to get the force? It is
natural that we first rewrite this formula:
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For now, everything looks good. But how about I want to compute the Hessian matrix of the

energy function? Then I need to know what is %, which is also written as g—lljf. This question is also

called estimating Jacobian of SVD decomposition matrix[PL00].

2 The Derivation of SVD’s Jacobian matrix

Let’s differentiate the SVD function directly:

F=UuxvT
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We can take advantage of the fact that both U and V are orthogonal matrices here. Therefore,
they we can do this(just do it for U first):

outu oU . r ou
- = U+U”
0fij (afij) dfij
Since UTU = I, this equation should equal to 0. That is:
ou » oU
U+U =0
(5fij) 0fij
Also, we noticed that:
Uy =U
(3 T )" U) i
So ( gflfj )TU is an anti-symmetric matrix. And the same for VT%7 it should be an anti-matrix
too. ’
Let me try to figure out what these two matrices look like(u; and v; are the variables wait to be
solved):
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dfi;
the sum of two anti-symmetric matrices. What a coincidence! Then we have:

9% s a diagonal matrix, which means we can safely say we don’t care what it is before we solve
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With known F, we can compute U and V (let’s just fill the matrix U7V with a;j, and % with x;
ij
since we don’t care about it currently), so for the left side, it looks like this:

% ago  Go1 Qo2 zo 0 0 apo — To ao1 ap2
Urv — af =law a1 app|—|0 =z 0]= aio ai] — 1 a2
* azg 21 A2 0 0 =z aso as1 az2 — T2
Let’s say the ¥ matrix is:
(o)) 0 0
Y= 0 g1 0
0 0 g9
For the right side, it looks like:
U oV i 0 g1U1 o2U2 0 [ %] [0 X%]
UTafZ+Z(af>TV = | —ogu1 0 ogu3| + | —o1v1 0 o103
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And for now, we just need to solve three 2 by 2 linear systems.
then we have:

—0oou1 + 01V1 = a1g —0o1u3 + 02v3 = a2

01Ul + 0gU1 = Qg1 O2U2 + OgU2 = ag2 O2u3 + 01V3 = Q12
—0ooU2 + 02v2 = azg

When we have this, we solved % and %, which means we exactly know the matrix U T%E +
ij ij ij

E(;T‘;)TV. Let’s call it S. Then the 367?;‘ is easy to compute:

ox
0fij

=S-U"V

3 Back to the APAR Energy

Back to the previous question. Let’s use our new knife to cut the butter:

OF—R) . OR
0fij Ofij

Let’s rewrite the matrix F":

F=UxvT =uvTvsv?T =RS = R=UV"T
Therefore:

OR _ oU -V
Ofij Ofij 0fij
U v

As you know, we already know how to solve the T and a7 We just repeat the steps above and
i i

V'V + U

then we get the answer.
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