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1 Problem Description

This note is referred to from the original paper for ICP[1]. Just imagine we have two mesh A and B.
For now, we want to find a transpose T and rotation R, making a move A to B’s position as close as
possible.

Figure 1: the picture of IPC algorithm’s workflow

2 Derivation for the Point to Point Method

Let’s recall what we want to minimize in this question, where xi is ”our data” and yi stands for the
”target”:

E = argminΣ∥yi − (Rxi + t)∥2F
E = argminΣ∥(yi − ȳ)− (Rxi + t− ȳ)∥2F (move the model to the reference coordinate)

E = argminΣ∥(yi − ȳ)−R(xi +RT (t− ȳ))∥2F
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Let x̃ = RT (t− ȳ), then t = Rx̃+ ȳ. Mention: As you can see, I chose ȳ as the origin point.

E = argminΣ∥(yi − ȳ)−R(xi +RT (Rx̃+ ȳ − ȳ))∥2F
E = argminΣ∥(yi − ȳ)−R(xi + x̃))∥2F
E = argminΣ(tr((yi − ȳ)T (yi − ȳ))− 2(yi − ȳ)TR(xi + x̃) + (xi + x̃)TRTR(xi + x̃))

The first term in the trace is constant, so we throw it.

x̃∗, R∗ = argmin
x̃∗,R∗

Σ(−tr(2(yi − ȳ)TR(xi + x̃)) + tr((xi + x̃)T (xi + x̃)))

Let’s say:

F (x̃, R) = Σ(−tr(2(yi − ȳ)TR(xi + x̃)) + tr((xi + x̃)T (xi + x̃)))

Then we first compute the x̃∗:

∂F

∂x̃
= Σ(−2(yi − ȳ)TR+ 2(xi + x̃)) = 0

We have:

Σ(xi + x̃) = Σ(yi − ȳ)TR

Σ(xi + x̃) = 0

x̃ = −x̄i

Therefore:

t∗ = R∗x̄+ ȳ

We have:

R∗ = argmin
R̃∗

Σ(−tr(2(yi − ȳ)TR(xi + x̄)) + tr((xi − x̄)T (xi − x̄)))

R∗ = argmax
R̃∗

Σ(tr((yi − ȳ)TR(xi − x̄)))

R∗ = argmax
R̃∗

Σ(tr(Y T
i RXi))

R∗ = argmax
R̃∗

Σ(tr(RXiY
T
i ))

R∗ = argmax
R̃∗

(tr(RXY T ))

R∗ = argmax
R̃∗

(tr(RM))

R∗ = argmax
R̃∗

(tr(RUDV T ))

If we choose R = V UT , then it becomes:

R∗ = argmax
R̃∗

(tr(V DV T ))

R∗ = argmax
R̃∗

(tr(V D
1
2D

1
2V T ))

For now, let’s prove another inequality of the equation: tr(XTX) ≥ tr(AXTX), where A is a rotation
matrix.

tr(AXTX) = tr(XAXT )
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On the other hand, when X is a matrix belonging to ℜN×N :

XAXT ≤
√
XTX

√
XATAXT = XTX

Since tr(XTX) ≥ tr(AXTX), where A is a rotation matrix, the optimal R∗ should be V UT .
Therefore, R∗ = V UT , t∗ = R∗x̄+ ȳ, where UDV T = Σ((xi − x̄)(yi − ȳ)).
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